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ABSTRACT

To certain higher rank Cuntz algebras Oy including the classical cases
we trace a certain partial isometry U in its strong closure. Adjoining U
to Op we obtain a kind of uniqueness property for this larger C'*-algebra.
Its explanation is not entirely “Cuntz’s uniqueness argumentation”.

1. Introduction

In [B1] we introduced certain higher rank Cuntz algebras Oy, n,....n,} for pair-
wise relative prime integers ni,...,ng > 2. Actually they are so-called higher
rank or graph algebras [RS1, RS2, RS3, KP1, KP2, KP3], and one may also
notice the tracks [P, FM] or [B2].

If the “rank” d is 1 then O, = Oy,,; is just the classical Cuntz algebra [C]
generated by n, isometries. Making this introduction readable for a preferably
large audience we shall suppose that d = 1. In fact the following results hold
also for the higher rank Cuntz algebras with minor adaption.

So let O,, be the classical Cuntz algebra [C] generated by n > 2 isometries
So0,S1,.+,Sn—1 € B(H). Then in this paper we determine a partial isometry
U € B(H) such that

(1) USO = Sl,USl = SQ,...7USn_2 = Sn—l and USn_l = S()U

Among possibly several candidates one chooses U with minimal support projec-
tion and considers the C*-algebra C*(S, U) generated by O,,U{U}. Let J be its
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2 B. BURGSTALLER Isr. J. Math.

smallest ideal such that U + J is unitary in the quotient C*(S,U)/J. Then the
latter quotient C*-algebra — denoted by 571 — contains O,, canonically (“letter
by letter”) and is canonically unique in the sense that it does not depend on
the representation S; € B(#), Theorem 3.3.

A second and probably more striking uniqueness varian t is this. Consider O,
represented on a Hilbert space H and let U be a unitary satisfying (1). Now
if U is unique in the sense that it is the only operator in B(#) with property
(1), then such a situation produces canonically always the same C*-algebra 6n
obtained by adjoining U to O,,, Corollary 3.4.

(It remains an open question to us whether the “uniqueness of U” here is
really necessary.)

In contrast, these uniqueness properties cannot be explained by the anyway
very general concept in [B2], say. Indeed it is straight from the equations (1)
that U™ ! has to be “zero-balanced”, bal(U"~') = 0, [B2]. But U"~! does not
lie in a finite-dimensional C*-algebra and property (B) [B2] fails.

This exotic example may allude — at least theoretically — to an extended
uniqueness potential than seen up to now in the Cuntz Krieger genre ([CK] is
classical).

2. The partial isometry U

In [B1] we introduced a certain higher rank Cuntz C*-algebra O,, = Oy, n.}
which is generated by certain isometries S; ; € B(#). In the beginning of section
2 of [B1] these isometries are explained in detail and also certain notions are
introduced. We shall adopt this setting and the notions completely and would
like to repeat them briefly.

4

Let d > 1 be an integer (corresponding to the “rank” of the algebra) and n =
(n1,...,nq) € N? be a vector with mutually relative prime integer entries n; > 2.
F or a Hilbert space w e are gien d sets of isometries {S; 0, Si1,...,Sin—1} C

B(H) (i=1,...,d) which satisfy the so-called Cuntz property
SioSio+SinSiy+ -+ Sin 18,1 =1.

So the C*-algebra generated by the set {S;0,Si1,...,Sin,—1} is the classical
Cuntz algebra O,,; [C]. Assume that the generating isometries teract in the
following way (sometimes referred as “permutation rules”):

Si xSy =S5, xSy whenever x +yn; = X 4+ Yn;.

Clearly for each tuple (z,y) € {0,...,n; —1} x {0,...,n; —1} w e find a unique
corresponding tuple (X,Y) € {0,...,n; —1} x{0,...,n; —1}. One can deduce
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from this setting that the following “permutation rules” must also hold:
S;:Sjy = Sj xSy whenever x + Xn; =y+Yn;.

Once again, for each giventuple (z,y) one finds a unique tuple (X,Y). The
C*-algebra generated by all isometries {S;; € B(H)|1<i<d,0<j<n;—1}
is denoted by O, = Oyy,,....n,} and does not depend on the representation on
the Hilbert space; see [B1], Theorem 2.8.

Let A ={(@,j)]i=1,....,dand j = 0,...,n; — 1} be our alphabet which
corresponds to the given generators S,, a € A. Then V = |J, -, A™ denotes
all finite words in this alphabet. But very often we will use the_extraordinary
subset of “ordered” words

Let a = (a1,...,a,) € V. Then w ewrite S, = S4,54, -+ S,,,. Further,we
associate an integer v ector|a| := (Ny,..., Ny) € Z% to a, where

N; = card{k € {1,...,m}| ap = (4, ) for some j}.

For a = ((41,41)s - -+, (bm, Jm)) € V ((ix, ) € A) w e iiroduce the integer
Z(a) = ijnh BT
k=1

This is the number which is associated to the digit representation (j1,...,Jm)
with respect to théasis ( n,...,n;, ), where j; is the least significant digit.
Given k € 74 w e abbreviate the productnfnb? .. ni}”’ byn*. One should then

observe that for all @ € V we have
0< Z(a) < ngng, ---ng, =nlol.

So far the “dimension” or “rank” d € N is finite. However, w e shall permit
also d = oo in the sequel. That means that in this case O, is generated by
infinitely many isometries S; ;, ¢ € N, 0 < j < n;, where n = (n1,n2,...) is a
sequence.

It is no problem to adopt the above notions to the infinite rank case. For
example, the set of words V remains the set of words, whether the alphabet
is finite or infinite. But one point deserv es explanation, namely w put, when

d = 00,

7Y = {(x1,22,...) € (Z4+)"| z; = 0 for all but finitely many i > 1}.
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As also noted in [B1], an ordered word o« € W is uniquely determined by |«|
and Z(«a). More precisely, the following map ¢ is a bijection:

W = {(k,j)| k€ Z%,0<j<nf}:tla) = (lal, Z(a)).

(In principle, such a correlation appears in [BJ], section 2, too.)

Using this bijection and given k € Z4 w eput min(k) := « for the unique
a € W such that |a] = k and Z(«) = 0. Analogously we use max(k) := « for
the unique a € W such that |a| = k and Z(a) =n* — 1.

Hence S, g) consists of isometries S;o only, whereas Sy,ax(x) consists of
isometries of the form S; ,,, 1 only.

For given v € W we write 7 + 1 := a where a € W is uniquely determined
byla| = |y| and Z(a) = Z(v) + 1 modulo n!®.

Recall that the least significant digit in a word a € W is the leftmost one,
so, for example, ((1,3),a2,as,...) +1 = ((1,4),a2,as,...). If wehad here
an overflo win the first digit then w ewould get ((1,3),(5,1),as,...) + 1 =
((1,0),(5,2),as,...).

In the sequel w eshall often abbreviate > .y 11—, X(7) by 32, 2 X(7),
where k € Zi, so in such sums the index 7 is always understoad be taken
from W.

Let O,, C B(H) be the C*-algebra that is generated by the isometries S; ; €
B(H). In what follows we shall trace a partial isometry U in the strong closure
of O,, which obeys the following rules for all 1 < i < d:

(A) {USW-:SZ-JH for 0 <j<mn;—1,
USin,—1 = 5i0U

(B) {Ufsm- =51 . forO0<j<n;—1,
U*Sio = Sin—1U"

(C) I=U"U+ Pyax(oo)>

(D) I=UU"+ Pmin(oo)~

Here Pax(co) and Pin(eo) denote the limits of the nets of projections
Smax(N)Sl*nax(N) and Smin(N)S:ﬂn(N)v respectively (N € Z%, N tends to
“infinity”).

In the next lemma we deduce some useful algebraic relations from properties
(A)—(B). One should notice here that Z(a + 1) = 0 simply means a = max(k)
for k = |af.

LEMMA 2.1: From(A)—(B) follows x € W)

USQZSQ+1, U*SQ_H =S, jfZ(O’,-I—].);éO,
USa = SasrU, U*Sar1 = SaU* if Z(a+1) =0,
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and S, = UZ(Q)Smin(\a\) foralla € V.

Proof: We demonstrate here the first asserted column. Indeed, by the induction
hypothesis let US, = S,4+1 be valid for all @ € W with fixed length |a| = k and
Z(a+1)#0,and US, = Sa41U if Z(a + 1) = 0 respectively.

Let 8 = a o (i,7) be the word a added by the letter (i,7). One should note
here that

Z(B) = Z(a) + jn'el.

Then USg = US,S;,; is either Sp415;; if Z(aw+ 1) # 0 and we get USg =

USgay1; or we get, if Z(a+1) =0,

USﬁ = Sa_;_lUSi’j = Sa+1SZ"j+1

by property (A) and once again, since Z(a) = nl®l — 1, we haveUSs = USps4;.
|

LEMMA 2.2: Define P, = S, S}, for a € W. P articularly ve have (k € Z%)

(2) Prin [ Slllill(l{)sl):‘;]in(k)7 Rnax(k) = Smax &) Sf;ax(k)'

Both nets (2) are decreasing and converge to Prin(oo) and Phax o), Tespectively.
Proof: Notice that per definition of the S;; [B1] we haveS;0S;0 = S;j0S5i.0

and S;n, ~1Sjn;~1 = Sjn;~15im,;—1 for all 1 <4,5 < d. Thus both sequences
(2) are decreasing for increasing k € Z2. |

LEMMA 2.3: The properties (A) and (C) determine U uniquely.
ANl U satisfying (A) yield the same operator U(I — Prax(oo))-

Proof:  'We shall use the left column of Lemma 2.1. As demonstrated above it
can be proved by just using (A) and so for what follows we use (A) only.

Since US,S: = Sa415. by Lemma 2.1, U is uniquely determined on the
range projections P, = S,S% whenever Z(a + 1) # 0. Recall that

(3) > Po=1I

for arbitrary k € Z¢ (see [B1]). Hence the operator U(I — Pyax(k)) is unique,
hence also its strong limit U(l — Ppax(cc)). Since w eassume (C) w ehave
U Phax(oo) = 0 and U is unique. |
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PROPOSITION 2.4: There exists a partial isometry U in the strong closure of
O,, satisfying (A)—(D).

Proof:

STEP 1:  We can already see from the previous proof how U should be defined.
We define UP, = S}, ,Sa as long as Z(a + 1) # 0. For a concatenated vord
a o f we have, if |a| = ||,

Pyop <P, ify=a,
P,P.,os =0 if v #a.
So we should prove whether U is w ell defined since w have per definition tw o

possibilities for P,.3 < P,. But we are consistent since for a concatenated word
aofsuch that Z(a+1) # 0 and Z(ao f+ 1) # 0 we have

USaoB = SaoB+1 - S(a+1)oﬁ7 or
USaop = USaSp = Sat158 = S(a+1)0s-

Hence the operator U(I — Ppax(x)) is defined for all k € 7.4, recall (3). In other
w ords,U is defined on the subspace

Ho = {€ € H| 3k € Z% : Prax(r)é = 0}

and we extend U isometrically to Ho and let U be zero on the complement Hg-
to get the final U.

STEP 2: For all k € Zi we put

Up :=U(I = Poax(y) = . Sas155 €O,
lal=k,Z(a+1)#0

and it is clear from the left equivalence that Uy con verges strongly toU.

STEP 3: We shall prove property (A). First wehave US;; = S; ;41 per
definition of U for a letter (7, ) and as long as j # n; — 1.

F or the next computation ve note the following. Let k € Zi, 1<i<dand
iden tifythe delta function for the i-th coordinate by §; € Zi. Then for each
a € W with |a| = k + ; w efind unique 0 < j < n; and unique g € W with
|| = k such that a = (i,j) o 8 (see [B1] Lemma 2.1), and vice versa, uniquely
determined by the formula

Z(a) =j+ Z(B)ni,
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and consequently S, = S(; j)o5 = S(;,)S5 by [B1] Lemma 2.1.
Watching this fact we can compute

Uks; Simi—1 = > Sa4155Simi—1
la|=k+6;,Z(a+1)#£0

= > Si0598+15955 n,—15imi—1
|81=k, Z(B+1)70
= Si,’oU/.; .

Now w e le tend to infinity to obtain US; ,,_1 = S;oU by Step 2.

STEP 4: Property (C) is valid since per definition the support projection U*U
is that one which projects onto Hg. But Prax(oc) PTOjECts onto 7—[&.

STEP 5: Property (B) follows from (A) and (C) by
U*Sij =U"US;j-1 = (I = Prax(cc))Sij—1 = Sij1
if j > 1. But if j = 0 then we compute very similarly as in Step 3 (k € Zi)

U/if+61' Si,o = Z Sasz+1si,0
la|=k+6;,Z(a+1)#£0
= > Sisn,~18855115;0Si.0
|B|=k.Z(B+1)#0
= Si,niflU]j

and let k tend to infinity.

STEP 6: Property (D) can be seen as follows. Let P, = S,S} for a € W. By
(C) we gt lim Nezd UPpax(n) = UU"UPax o) = 0. By Lemma 2.1 we have
UP,U* = P,y as long as Z(a+ 1) # 0. So with (3)

UU* = lim UP,U* = lim > Poi1
NezZs S=wn NEZY | 012N Z(a+1)20

= 1l I — Rnin =1I- Rnin o). 1
vl = om0 =

3. The algebras O,

In this section, if nothing else is mentioned, U denotes the unique operator
of Proposition 2.4 satisfying properties (A)—(D). In the sequel we shall denote
by C*(S) =2 O, C B(H) the C*-algebra which is generated by the isometries
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Si,; € B(H), and by C*(S,U) the C*-algebra generated by the S;; € B(H)
together with U € B(H).

The analogous (smaller) x-algebras generated by these generators are denoted
by Alg*(S) and Alg*(S,U), respectively.

In the next lemma we shall divide out an ideal J in C*(S,U) such that the
resulting quotient converts the partial isometry U to a unitary.

LEMMA 3.1: Let J C C*(S,U) be the closed ideal generated by I — U*U and
I —UU*. Then the canonical map m: C*(S) — C*(S,U)/J is injective.

Proof:

STEP 1: Assume 7w were not injective. Then J N C*(S) # {0} is a nonzero
ideal in the simple C*-algebra C*(S), see [B1] Theorem 3.3, and we havel € J.
Consider the algebraic ideal Jy generated by P =1 —-U*U and Q =1 —-UU*
in the %-algebra Alg*(S,U). Then wehave J, = J for the norm closure in
C*(S,U).
We shall show in the next “Step 2”7 that for all z € .Jy there exists a word
a € W such that zS, = 0. Therefore, since ||I — z|| < 1 for some z € Jp,

[Sall = [I(I = 2)Sall < 1,

a contradiction.

STEP 2: Let Y € Jy be a word in the letters S; ;, U, P=1-U*U,Q =I-UU"*
and their involuted letters. So Y con tains at least either P or ). We shall find
a € W such that Y'S, = 0. (For arbitrary Y € Jy w eachieve the same by
successively cancelling each summand.)

Assume by the induction hypothesis that we have already found 5 € V such
that Y'.Sg = YoT where T (or sometimes T') denotes a product in the letters S; ;
only, and Y5 is a shorter word than Y. Let y be the rightmost letter of Y5, i.e.,
Y, =Yy.

If y = S; ; then we simply will put it to 7" and obtain Y57 = YT. If y = S7;
then by multiplying Y>7T' from the righ t with the letter S; o and “permuting”
(using the Definitions of the S; ; [B1]) this letter to y we obtain Y57'S;g = YT
or zero (using the fact that S} ;S; x is either 0 or I).

If y = U, then successively applying the rules stated in Lemma 2.1 we obtain
YoT = YT or YTU. In the latter case we multiply from the right with S; o and
get ?TSM. Similarly we act in the case y = U*.

Now if y = P then we multiply from the right with S; 3. Then we certainly
have ¥,T'S1,yp = 0 and at the latest we are done here. This is because we can
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move P to the right by PS;n,—1 = Sin,—1P (use Lemma 2.1) or we have zero
by PS;; = 0 whenever 0 < j < n; — 1. Similarly, if y = @ then we multiply
With Sl,n171~ [ |

The following proposition approximates the norm of elements in C*(S,U)/J
by those of O,, (which has the uniqueness property).

ProprosITION 3.2: If X € Alg"(S,U) then wefind a net of projections
QN — Qoo, Qn € Alg™(S), N € Z%, such that X (I — Qy) € Alg"(S) and

[| X + J|

8,00 = I X (I = Qoo )

o (SU) = ]\}ielgd X (I = Qn)llc=(s)-
+

Neither the choice of the net (Qn) C O, nor X(I — Qy) € O,, depends on the
representation on the Hilbert space H.

Proof:

STEP 1: Let X be a wordin the letters S; ;,U and their involutedletters.
Then by using the rules of properties (A) and (B) each occurrence of both U
and U* in X can be moved to the right or is absorbed by a right-handed letter
Si,;- This is not so obvious for expressions US; ;. But here we argue by using
(B) ,
US;; = (SiU)" = (U)" 178, 1 UY)”
= (U1 IU*S0)" = S U™ 7.
Similarly, U* can “skip” the involuted letter S7 ;.

STEP 2:  So it is clear that each element X € Alg™(S,U) can be written as the
sum X = Y " A\ X;U; where \; € C, X; € Alg"(S) and U; is a word in the tw o
letters {U,U*}.

Let M € N be the maximal length of all words U;. Let P, := 5,5 for
aeW.

Then for N € Z% and o € W with |o| = N and M < Z(a) <n¥ — M we
find a certain ; € W with |5;| = N (see the rules of Lemma 2.1) such that

(4) XPa =) ANXUiSaSh = XNiXiSpS; € C*(S).
i=1 i=1
STEP 3: Since theZi Prax(ny = I —U*U € J by property (C), we get by

Lemma 2.1 for all integers k& > 0

U - U U)U* = lim U Pran)UF = lim P gy € J-
NezZ4 NezZ4
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Similarly, we get theZi Prin(ny+r € J by considering ] —UU* € J. Let

M
(5) QN = Z Rnin(N)+k
k=—M

and Qoo = theZi QN StTOHgIY- (NOte that Rnin(N)—l = Rnax(N)-, Rnin N)—2 =
Prax(n)—1 etc., per definition, say.) Then by the above computations we have
Qo € J.

STEP 4:  Abbreviate A := C*(S,U). For arbitrarye > 0 we find some normal-
ized £ € H and Ny € Zi such that for all N > Ny

X+ Tllays < [1X = XQoclla

<X = Qoc)élln +e
<X = Q)€ + I X(Qn — Qu)lln + ¢
<X —Qn)|la+2¢

(6) =[|[X (I = Qn) + Jl|ays + 2

<X + Jllays + 2e.

The equality (6) is due to Lemma 3.1 because by (3), (4) and (5) we have

X(I-Qn)=X > P, € C*(9).
la|=N.M<Z(a)<nN—-M
Considering the above proof we note that we have only used the properties (A)—
(B) of U to determine @y and X (I — @), and the formal shape of X (I — Qy)
in the letters S;; only does not depend on the representation on the Hilbert
space ‘H. (Also note [B1], the uniqueness Theorem 2.8.)
We complete the proof by varying ¢ > 0. |

THEOREM 3.3 (Uniqueness variant 1): Consider the higher rank Cuntz algebra
On = Ofny ns,...nq} [B1] (d < oc) generated by the isometries S; ; € B(H). (If
d =1 then this is the classical Cuntz algebra [C].) Then we can find a partial
isometry U € B(H) satistying (A)—(D). We adjoin U to O,, and obtain a C*-
algebra C*(S,U) C B(H). Next we divide out the ideal J C C*(S,U) generated
byl — U*U and I — UU* to obtain the quotient O, := C*(S, U)/J. Then we
haveQ,, C (5n canonically.

Now if we are given another representation of O,, generated by the isometries
§i,j CB (ﬁ) and consider the procedure there, then the canonical map

o: C*(S,U))J = C*(S,U0))T :0(Si;+ ) =Sij+ J,oU+T)=U+J
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is a well defined %-isomorphism.

Proof: The theorem is a corollary of Proposition 3.2. If X € Alg*(S,U) anl
X is the formally translated word, then by Proposition 3.2 we get

o500 = I X(IT = Qn)
c(8,0)/7 = ||X(I - QN)|

[|X + J|
IX + 7|

C*(S):

c*(8)

But by the uniqueness property for O,, [B1] and Proposition 3.2 the right side
of both equations are identical. Hence o is an isometry and, in particular, well
defined. |

COROLLARY 3.4 (Uniqueness variant 2): Consider the higher rank Cuntz
algebra Oy, = Ofp, po....nay [B1] (d < oc) represented on H and suppose that
there exists only one operator U € B(H) satisfying (A) and suppose U is
unitary. (This setting is the case if and only if Pyin(sc) = Pmax(oc) = 0.)

Suppose the same fact for a further representation on H. Then the canonical
map o: O, = C*(S,U) — C*(S,U) is a well defined *-isomorphism.

Proof:  Since U is the only operator satisfying (A) it must be the operator
of Proposition 2.4 with properties (A) (D). But U is unitary and properties
(C) (D) yield Puin(oc) = Pmax(ec) = 0. The canonical map o follows then by
Theorem 3.3 since both ideals .J,.J are zero.

(On the other hand, if Pyin(oo) = Pmax(co) = 0 then U is unique by Lemma
2.3, hence satisfies (A)-(D) by Proposition 2.4 and is therefore unitary by (C)—

(D)) ®

Example 3.5: Consider the higher rank Cuntz algebra On = Op; ns....na}
represented on (?(Z) by the isometries S; j(0x) = 85,54+, where 1 <4 < d,0 <
J < n;. Then one can compute that Ppa.x(n), N € Zi, projects onto the
coordinates d7,~_; and consequently P ax(oc) Projects onto d_;.

(This representation is permutativ e [BJ], section 2, and if w denote o, ; (k) =
nik+j then for each i the set {0, 0,...,04n,_1} forms a multiplicit y free brant-
ing function system [BJ], Definition 2.1.)

Then the partial isometry U(d_1) = 0 and U(dx) = Op41, k € Z\{-1},
satisfies the rules (A) and (C) and consequently (A)—(D) by 2.3 and 2.4.

Contrarily , the unitaryU(0;) = dp41 (k € Z) satisfies (A) but not (C).
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Example 3.6: This example refers to Corollary 3.4. Consider the classical
Cuntz algebra Oy represented on (?(Ny) by the isometries Sg,S; sketched in
the following table.

[ &% [0 12345 6 ..]
So0Gn) |1 3 4 6 8 10 12
S$i(6) 12 05 7 9 11 13
U@y |4 2 8 0 5 16 7

Then w ehave Ppax(oc) = Pumin(ec) = 0 and only one operator U satisfies (A)
and U is unitary; see Corollary 3.4.

4. An open question

We have seen by Corollary 3.4 that a unitary operator U satisfying (A), as long
as it is the only operator fulfilling (A), generates O, canonically together with
the isometries S; ;.

If wecould abandon the uniqueness of U then w ewould have a familiar
uniqueness, the uniqueness determined by generators and relations. However,
w e can neither proe nor falsify whether a unitary U together with the isometries
S; ; always yields (5n see, for example, Example 3.5 where a unitary U is not
the only operator with property (A).

T ow ards solving thiproblem w efinally w ouldlike to present the following
minor results. The first result Lemma 4.1 tells us — in combination with Lemma
4.2 — that if a unitary U satisfies (A) then we can map C*(S,U) canonically
to (5n

So solving the above question comes to showing that this map is isometric.

orma} (d < o0) represented on ‘H and
suppose U € B(H) satisfies (A)—(B). Then the canonical map o: C*(S,U) — O,
is well defined.

Proof: Let X € Alg™(S,U). Although the setting of Proposition 3.2 does not
seem to be satisfied completely, w e neertheless can apply it to the point that
w e can hoose Qn € Alg™(S) such that X(I — Qn) € Alg"(S). The reason is
that in the proof of Proposition 3.2 this fact follows already from the properties
(A)—(B) which we assume.

The same fact is also true in the image o and it yields the same canonically
translated corresponding expression o(X (I — @Qn)) in the letters of S; ;, since
we have the rules (A)—(B) also there.
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Note that o|O,, is an isometry by [B1], Theorem 2.8, wherefore the bounded-
ness of o follows from Proposition 3.2 by

lim {lo(X(I = Qn))|
Nezy

lim [[X(/ - Qn)
Nezsq

[l (X

On

o) S Xlless,oy- 1
LEMMA 4.2: Let U be a unitary satisfying (A). Then U fulfills also (B).

Proof: Let U be the unique operator with properties (A)-(D) according to
Proposition 2.4. By property (C) and Lemma 2.3 we have

Uo = Uy (I - ]Dmax(oc) = U(I - Rnax(oo)

wherefore U = Uy + D for the partial isometry D = U Ppnax(oc)- The support
and range projections of D are P ax(oc) and Prin(oc), respectively, by properties
(C)-(D).

Now for j # 0 we haveU*S; ; = U*US; j—1 = S; j—1 which shows (B) in that
case.

It is easily computed that

DD*SLO = Rnin(oo)si70 = SLORnin(oo) = Si7ODD*7
D*DS;n;—1 = Puax 60)Siyni—1 = Sini—1Pmax 60) = Sin;—1D"D.

By property (A)
DS; o1 = (U —Up)Sin;—1 = Sio(U —Up) = SioD.
If we use these formulas then we obtain

D*S;o = D*DD*S; g = D*S;DD* = D*DS; ,_1D* = S; n,_1 D"

So the still open equivalence U*S; 0 = S; n,—1U”* is now immediate. |
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